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Abstract. Using the conventional QM it is hard and often even impossible
to study the dynamics of a system when the two open channels for ioniza-
tion and molecular dissociation are strongly coupled. The non-Hermitian
QM enables us to simplify the problem by introducing a complex adia-
batic potential energy surfaces. The complex adiabatic approach enables
the separation of the slow and fast motions. The slow/fast motions can be
associated with heavy/light particles or with a single particle having very
different motion frequencies along the reaction coordinate and the other co-
ordinates. Using the complex adiabatic approach the appearance of narrow
peaks in the e™/Hj scattering experiments and the sharp phase transition
in electron transition through a quantum dot experiments are explained.
Possible mechanisms are proposed.

1. Introduction

Recently there is a growing interest in non Hermitian quantum mechan-
ics. Non Hermitian (NH) quantum mechanical (QM) formalism is being
used to study and explain physical phenomena. Sharp structures in elec-
tron/molecule collision cross sections and abrupt change of the phase of
the transition probability amplitude associated with an electron traversing
quantum dot are only a few of many examples.

In conventional QM any physically observable quantity is given by the
expectation value of a corresponding Hermitian operator. Also the prob-
lems studied using the NH-QM can be defined in terms of Hermitian op-
erators only. However this may lead to a system with a very large number
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of degrees of freedom. For example, consider the dynamics of molecular
systems where the electronic and the nuclear coordinates are strongly cou-
pled to one another. In such a case the Born Oppenheimer approach is not
applicable and the calculations must involve both nuclear and electronic
coordinates. The calculations may be simplified using the non Hermitian
quantum mechanics that enables us to take into consideration the cou-
pling between the channels that are open for dissociation and ionization in
a simple way [1,2]. Another example is a dynamical system coupled to a
bath. Often the solution of the full problem is impossible due to the current
available computational sources and technology. The calculations become
possible by including complex absorbing potential terms (i.e., non Hermi-
tian operators) into the Hamiltonian which introduce the environmental
dynamical effects on the studied system [3, 4].

2. Non Hermitian adiabatic theory

In this section we will provide the formalism for an extension of the Born-
Oppenheimer adiabatic approximation that deals with unstable autoioniz-
ing molecules and takes into account the coupling between electronic and
nuclear motion. The new formalism will be applied in two cases: (i) full colli-
sion process of vibrational excitation of Hy molecule by electron impact [8],
(ii) half collision process of interatomic Coulombic decay of electronically
excited Ne cationic dimer [9, 10].

(i) e/Hy scattering process

The most usual method that allows the coupling between electronic and
vibrational degrees of freedom of molecule is the Born-Oppenheimer (BO)
approximation. Within the framework of this approximation electronic en-
ergy levels are found for fixed nuclei configuration. The electronic energy
obtained as a function of nuclei distance serves later as a potential energy
surface for vibrational motion of nuclei.

The BO approximation is applicable whenever the energy distance be-
tween the electronic states is larger then the coupling term between them.
In such a case nucleus move on a single electronic potential surface and
the coupling to the others can be neglected. However for fixed internuclear
distances R < 3.2a.u. the H; intermediate formed in the e/Hs collision
process has no bound states. Due to the autoionization process it supports
only continuum states. The distance between the electronic states of con-
tinuum is zero, hence the usual BO approximation would require dealing
with an immense number of electronic potential surfaces strongly coupled
with each other.

For a fixed H — H distance the H; molecule decays exponentially with
a rate depending on that distance. This exponential decay can be described
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by a single resonance state possessing a complez electronic “energy”. The
real part of the complex eigenvalue is the energy position of the resonance
state and the imaginary part is proportional to its decay rate (inverse life-
time). From here follows that instead of using many real coupled electronic
potential surfaces within the BO approximation we can solve the nuclear
Schréodinger equation with a single complex potential energy surface.

We will derive here the expression for the vibrational excitation cross
section of electron/molecule collision using the complex adiabatic approx-
imation. Let us consider a scattering event where the electron represented

by ,/k%_eik”, collides with a molecule which has N internal electrons. We

assume that the electronic state of the molecule is varied adiabatically
during the collision. The molecular degrees of freedom are represented by
coordinate R. Prior to collision the molecule is in its v vibrational state,
xv(R), and in its ng-th electronic state, ¢n,({r}n; R). Assuming adiabati-
city, the initial state, x, (R)®;({r}n+1; R), properly antisymmetrized in the
electronic coordinates such that

O;({r}n+1; R) = Aldi({r}n; )\/sz’k”\’“) (1)

is an eigenfunction of the interaction free Hamiltonian

Hy = T(R) + T({"'}N—{—l) + Vmol({T}Na R) (2)

where T'({r} y+1) and T'(R) are respectively electronic and nuclear kinetic
energy operators and Vi, ({r}n, R) is the potential energy of the N elec-
trons and nucleus of the molecule. After the inelastic collision the molecule
is found in its vibrationally excited state x,/(R) and the scattered electron

is in a state defined by , /—fe’kf”" +1 . The final state of the non interacting
electron-molecule system is X,/ (R)® s({r}n+1; R) where

®s({r}n+1i R) = A(ds({r}w; B) J% eHhame). 3)

The energy of the scattered electron is given by the energy conservation
law:

hik;|? hk

| 1| + E)/ I f‘

2me 2me
where m, is the mass of an electron, E, and E are the energies of the

initial and the final states of the molecule. The Hamiltonian during the
collision process is given by,

H=TR)+T{r}ns1) + Vine({r}n41, R) (5)

+E,=E (4)
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where Vj,: is the N + 1 electron and nucleus interaction potential. Vj,¢
includes the coordinates of both the colliding electron and the electrons
of the molecule. Since the electronic coordinate is much faster than the
molecular one the Born-Oppenheimer (BO) approximation is applicable
here. The adiabatic BO Hamiltonian is defined by

Hog({r}n+1; R) = T({r}n+1) + Vie({r}vs1; R) (6)

where the nuclear coordinate R is a parameter. The adiabatic Hamilto-
nian H,y possesses R-dependent eigenenergies E2(R) and eigenfunctions
24 ({r} n41; R) such that

Hoa({r}ni1; R)op' ({r} v R) = BR(R)¢e ({rine; R).  (7)

The adiabatic energy E2(R) serves as a potential for the motion of the
heavy nuclei:

(T(R) + Er(R)xnia(R) = enfaXiin(R) (8)

where X%ﬁia (R) and €24, are the nuclear vibrational wave function and en-
ergy. Within the Born—Oppenhelmer approximation the total wave function
is a product of the nuclear wave function and the electronic wave function
which depends parametrically on the nuclear coordinate:

Unty = o ({r} w415 R)Xon (R) (9)
According to the Lippman-Schwinger equation the probability to change
the vibrational state of the molecule from x,(R) to x,/(R) due to the
collision process is given by,

o= [TV +VGV|L;)|? (10)

where respectively the initial and the final states are given by:
Ui = xu(R)®i({r}nt1; R) ¥p = xv(R)2s({r}n+1; R). (11)
V is defined as V = Vit — Voo The resonant part of the excitation prob-

ability is

Ores =

tim (o By BV |

X (R)® ({1 B, | (12)
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Using the spectral representation of the Green operator (E — H )"t in
Eq. (12) within the Born-Oppenheimer approximation framework one gets:

(oo [(odvivs,), (wstviey) |xo) [
res — Z FE — Eod
n,o

n,0

(13)

The molecular anion, which is formed when an electron collides with a
neutral molecule, supports no bound states. However, the electron can be
trapped for a finite period of time in the quasibound resonance state. As
was mentioned above, there are several methods, such as complex scaling
(CS), which allow us to “concentrate” the information about the resonance
phenomena into a single square integrable state which is associated with a
complex energy eigenvalue, E7¢ = €, — %Fn. That is, Hogln) = E"¢|n)
where Hcyg is the complex scaled Hamiltonian. The solution space of the
complex scaled molecular anion Hamiltonian can be divided into subspace
of resonance states and into the subspace of continuum scattering states.
Whenever the resonance is isolated (the distance between two consecutive
resonances is larger then the width, I" of each resonance) and has a large
lifetime (I'/R is larger than any characteristic frequency of the system) we
can make an assumption that a scattering event involves a single resonance
state.

A common situation is that, AE,, < I' < AE,e. where AE,.. and
AE,;, are respectively the energy spacing between electronic levels and
vibrational levels. In such a case scattering event proceeds via a single
electronic resonance state, ng. However it involves a number of vibrational
states {x%¢} belonging to the same electronic resonance state, ng. Conse-
quently the sum over electronic energy levels, n, can be omitted from the
sum in the expression for the resonant part of the excitation probability in
Eq. (13):

res (o (®ilVIgid) xaaa), (xoo (5IVI®s) X0) 2
Ores = E — Ead

« no,x

(14)

Moiseyev and Peskin [11] have shown that the integrals over the electronic
coordinates in the Eq. (14) are related to the partial widths. That is,

(@:Vigsd(trinensR)) | = TO(R)
[(@svisa (it B) [ = TO(®) (15)

where Fgg(R) is the partial width of the electronic resonance state ngy as
function of the nuclear coordinate R. The products of this decay channel
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are neutral molecule and a free electron associated with a wave number k;.

F%)(R) is the partial width for the decay channel that results in a neutral

molecule and a scattered electron associated with k; wave number.
Within the local approximation the energy dependence of the partial

)

widths (via the scattered electron wave number k) is neglected and I"(Z
F,%). Using this approximation and Egs. (14, ??) one gets that:

2

1
e (T (R)e) (aalCho(Rx )
ores = |3 = fad = (16)

o no,x

Since I'y, is the width of the electronic resonance state ng it is related to
the imaginary part of the adiabatic electronic energy Eﬁg:

Tng(R) = —2I'm Eji(R) (17)

Equation (16) given above not only simplifies the calculation of o but also
provides a simple physical insight to the problem of electron scattering from
a neutral molecule. Since the final expression for the vibrational excitation
cross section does not depend on the electron coordinates we can say that
the electron-neutral molecule collision prepares a nuclear wave packet on the
potential energy surface of the molecular anion intermediate. The prepared
wave packet is propagated via the nuclear Born-Oppenheimer molecular
anion Hamiltonian with the complex potential E;‘{g(R). Finally, the anion
undergoes autionization process resulting in the molecule in a vibrationally
excited state. The probability amplitude to obtain a specific vibrational
state v of the molecule is given in Eq. (16). This expression is in a complete
agreement with the results obtained by Domcke and Cederbaum [12] by
applying the local approximation to the exact expression for o.

*
(ii) interatomic Coulombic decay of [Ne'{]
We will demonstrate here an application of the complex analogue of

the Born-Oppenheimer approximation to a half collision process, namely,
to the reaction

Neg + hw — [Ne;]* +e — [Nngr +e” (ICD)] +e” — 2Net + 2¢7,

*
where the electronically excited cationic dimer, [Ne;] , has a hole in its

inner-valence 2s-type molecular orbital 223}, We will present the deriva-
tion of the expressions for the kinetic energy distributions of the emitted
interatomic Coulombic decay electron and of the Ne™ fragments.
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Within the framework of the Born-Oppenheimer approximation the ini-
tial state, that is, the ground state of neutral neon dimer, is given by

Wo[Neo]({T}n, R) = ¥°'°°[Nea] ({T}n; R)xo[Ne2] (R). (18)

N = 20 is the number of electrons, {7}y is the notation for the coordinates
of the N electrons, 1°*°[Neg] is the adiabatic electronic wave function in the
electronic ground state of Neg, and xo[Ney] is the vibrational eigenfunction
of the nuclear Hamiltonian with the electronic ground state potential energy
surface.

Utilizing electromagnetic radiation from a synchrotron source, for in-
stance, an inner-valence electron can be ejected and a superposition of
autoionizing states of Nej in the 2257} electronic state is generated. We
can approximate these resonance states by the BO solutions only when the
non Hermitian approach is taken and the potential energy surface obtained
from the electronic structure calculations is complex, E[2?Y~FNef|(R) =
ReE[22L] Nef|(R) — £I'[225f Nej |(R). Under these circumstances the au-

*
toionizing states of [Neﬂ can be factorized into an electronic and a nuclear
part,

U, (25 Nef |({F}v-1, R) =
Y22 S Ned | ({7 v—1, R)xw[2°Z§ Nef ](R). (19)

Exposing Ne; to radiation with photon energy hw significantly above the
inner-valence ionization threshold can lead to formation of a wave packet

of the (N — 1)-electron system [Ne;] *,

VP[22 Nef |({Fhn-1, R) =
> (wl2’SiNef ] u(R) Ixo[Nez]) . ¥, 225 NeF |({7}v-1, R), (20)

v

and a photoelectron in state ¢pg, which in the sudden approximation does
not interact with the Nej cation. Thus the dipole transition moment u(R)
is given by

N
w(R) = (A{i/)elec[?ZE?f Nej |gpe}led 7 - €z|¢elec[Ne2]> ;o (21

i=1

where (+|-)# indicates integration over the electronic coordinates, e denotes
the charge of an electron, and €, is a unit vector along the polarization
axis of linearly polarized light. The symbol A is used to emphasize that
the product state of cation and photoelectron must be properly antisym-
metrized.
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The wave packet ®WF[225F Ned| undergoes electronic decay according
to the ICD mechanism. The products of this relaxation process are dissocia-
tive Ne§+ in its electronic ground state and a free ICD electron in state ¢icp
with kinetic energy Ej;,. Within the framework of the BO approximation
the final states can be written as

U¢[Nejt + e~ (ICD)] ({7} n—1, R) =
A{d1cpy** [Ne3 [} ({7} v-1; R)xi, [Ne3V](R). (22)
The dissociative nuclear wave functions x g, [Ne3*] are associated with con-
tinuous energies E¢[Ne3"]. Then the energy of the state ¥ f[Ne3™ +e~(ICD)]
is Eyin + Ef[Ne3t].
We treat the coupling between the ICD electron and the dication by

means of the Lippmann-Schwinger equation extended to non Hermitian
Hamiltonians:

@ 4[Nef] = (1 + G(Bin + Ey[Ne3 ) V) ¥ [Ne3* +¢(ICD)].  (23)

(@WP [22EfNef]|®f [Ne%]) is the probability amplitude that the wave packet

®WP[225 I NeF| decays into Ne3™ with energy Ef[Ne2t] and an ICD elec-
tron with energy FEy;,. The expression explicitly reads

(277225 Nef)|@ N ]) = 3 (xolNeal (B 222 Nef ]) -

(. (225 Nef ]|V 0 4 [Ne3t + e~ (ICD)])

PR 2y F Nt M (24)
Eyin + Ef[Ney™| — E,[2257 Ney |

What remains to be discussed is the determination of the interaction
matrix elements (W, (225 Nef ]|V | s[NeZ* + e‘(ICD)])#R. V is defined
7"
as
V = H[2?2$Nef] — H|Ne2t + ¢~ (ICD)). (25)
where H[225} Negj] is a complex, non Hermitian Hamiltonian whereas
H[NeZ' + e~ (ICD)] is Hermitian. By using the BO expressions for
¥, [222 Nef] (Eq. (19)) and ¥;[Ne3t 4+ e~ (ICD)] (Eq. (22)) it is straight-
forward to derive that
(2,225 Nef ][V [Ne3F + e (ICD)]) L
T?

(w2 Neglld(R) [xe, Ne3 ) (26)

where

d(R) = (7 [2°Z{ Nef ||V | A{¢rcpv " [Ne3 ]} ) . (27)
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Moiseyev and co-workers have shown [8, 11] that, apart from a multiplica-
tive constant, in the local approximation

d(R) = B T(R). (28)

Here I'(R) = I'[222}Nej](R) is the local electronic decay width of inner-
valence ionized neon dimer and ¢(R) is the phase of the resonance width
amplitude.

The kinetic energy distribution of the ICD electrons, o(Eg;y), is ob-
tained by adding up all decay probabilities [(@WP[?Zj; Nej]|® f[Neg]) l2
that are associated with an ICD electron of energy Fy;, in the final state,

(Biin) = / dE;[Ne3*] | (2P (225 Neg || [Nef ) ICD)

Assuming pu(R) = 1 and ¢(R) = 1, Eq. (16) follows immediately by insert-
ing Egs. (24), (26), and (28) into Eq. (29). In a similar fashion the kinetic
energy distribution of the Ne™ fragments, 5(Ey), is given by
2

5(Ey) = [ dBun | (277 2S{NeS ] N3]

(30)

3. Physical phenomena explained by non Hermitian quantum
mechanics

3.1. FINGERPRINTS OF OVERLAPPING RESONANCES IN ELECTRON-
HYDROGEN SCATTERING CROSS-SECTION MEASUREMENTS

In this section we will propose a mechanism that leads to the structure
in the cross section even when the resonances are overlapping i.e. I'), >
|€n — €nt1| where €, is the energy position of the resonance state and I,
is the corresponding width. We will describe a case where the interference
among resonance states results in sharp structure in the scattering cross sec-
tion o. This is very different from the known Fano interferences [13] which
take place between a given resonance state and a weakly energy dependent
background. Fano interferences lead to the distortion of the shape of the
resonance peak in the cross section but not to a substantial increase of the
lifetime of the trapped particle in the scattering process. In our case the
structure is the result of the interference among resonances and consists of
peaks where each one of them is much narrower than the width of a single
resonance state I'y,. Since the lifetime of the trapped particle is proportional
to the inverse of the width of the peak in the cross section, it implies that
the narrowing of the peak in the cross section increases the lifetime of the
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trapped particle. Moreover, the interference takes place between many res-
onances which are separated by a large energy interval as compared to the
corresponding resonance widths i.e., |6, — €| > Max(Tp,I'y). Therefore
we may consider the new mechanism presented here as a collective coherent
resonance phenomenon. As it will be discussed below, this phenomenon was
first observed, without realizing it, in the experiments of inelastic electron
scattering from an H molecule [14]. The sharp structure in the experimen-
tal electron/hydrogen-molecule scattering cross section is associated with
the short-lived vibrational states of the autoionizing H, intermediate. We
have calculated the positions and the widths of these H, states within the
local approximation and to our surprise we obtained that the width of the
resonance states were 2-3 times larger than the widths of the peaks in the
vibrational excitation cross sections [1]. Yet, the mechanism that leads to
this phenomenon remained unclear.

We will show here that the nuclear motion of H, induces interference
between resonances such that the structures appearing in the scattering
cross section are narrower than the width of a single resonance state, I'y,.
First, however, we would like to stress that the interference phenomenon
between the resonance states itself is associated with the generalization of
the inner product in quantum mechanics. This generalization is required
when resonances, metastable states, are associated with complex, rather
than real eigenvalues of the Hamiltonian.

The transition probability amplitude, ¢(E), for a scattering experiment
where the initial and the final states are identical, i.e. |¢;) = |¢f) = |0}, is
given by the Lippmann-Schwinger equation,

t(E) = <O!V + VGVM = tdirect(E) + tres(E) (31)

The resonant term, t,es(E), is given by
tres(E) = [ dep()a(e)/(E - o), (32

where Hle) = €|e), a(e) = |(0|V]€)|? > 0 and p(e) stands for the density
of states. However, when H is an Hermitian operator the eigenvalues, ¢,
get real values only and the information about the resonance phenomena is
spread over a large number of continuum states. Using the complex scaling
(CS) method allows us to “concentrate” the information about the reso-
nance phenomena into a single square integrable state which is associated
with a complex energy eigenvalue, Er®® = €, —£I',. That is, H|n) = E1|n)
where |n) is an eigenfunction which is not in the Hermitian domain of the
Hamiltonian H. This enables us to replace the integral in the expression
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for the t,es(E) by a sum over the discrete resonance states,
)
n

Since the eigenfunction |n) is not in the Hermitian domain of the Hamil-
tonian the definition of the inner product that we should use should be
questioned. If we will keep the usual definition of the scalar product in
quantum mechanics the coefficients a,, in Eq. 33 will get real positive val-
ues only (as well as a(e) in Eq. 32) and the possibility of interference
among different resonance states which leads to the trapping of an elec-
tron due to the molecular vibrations will be eliminated. As was mentioned
before the generalized definition of the inner product (...|...) rather than
the usual scalar product (...|...) has to be used since the Hamiltonian is
not Hermitian [5,6]. Only the application of the generalized inner product
can give rise to the complex coefficients, a, = (0|V|n)(n|V]0) , in Eq. 33.
The fact that {a,} can get complex and real negative values is essential
to obtain the interference phenomenon which increases the lifetime of Hy
intermediate in the e~ /Hjy scattering experiments.

Itlz(arbitrary units)

phase of t (1)

06 . .
0.120 0.130 0.140 0.150
energy (a.u.)

Figure 1. (a) The behavior of the probability to excite H2 molecule from the ground
vibrational ¥ = 0 to the v = 4 excited state in e/H; collision. (b) The phase of the
corresponding probability amplitude.

In Figs 1 a,b we represent the electron-Hs scattering cross section
and the phase of the corresponding excitation probability amplitude. The
widths of the peaks in Fig. la are 2 — 3 times narrower than the width of
the Hy resonance states. The phase shows an oscillatory behavior similar
to the behavior of the transition probability amplitude phase as measured
in the experiments of an electron passing through a quantum dot [15].
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Cross secion (arbitrary units)

i8 24 30 3.6 42
E (ev)

Figure 2. Solid line shows the calculated probability to excite Hz molecule from the
ground vibrational ¥ = 0 to the v = 4 excited state in e/H> collision. Dotted line
represents the shifted experimental results.

Note that our numerical results presented in Fig. 2 are in a remarkable
semiquantative agreement with the experimental cross section [14]. The ex-
perimental cross section was shifted up in energy by 0.45 ev to emphasize
the agreement between the vibrational structures seen in the spectrum.
Similar agreement was obtained earlier by Miindel et. al. [16] using a dif-
ferent approach.

We will now give a more detailed description of the electron trapping
phenomena and show that it is associated with the self-orthogonality phe-
nomenon. It is known that the 2% resonance of H; which is responsible
for the vibrational excitation in the low energy region, is an extremely
short-lived resonance with a lifetime comparable with the duration of the
non resonant scattering [17].

For a fixed H — H distance the H, molecule autoionizes with a rate
depending on the H — H bond length, I'(R). This exponential decay can
be described by a single resonance state possessing a complex electronic
“energy” V(R) — iI'(R) (see Fig. 3) [18].

Therefore instead of using many real coupled electronic potential sur-
faces within the Born-Oppenheimer approximation we can solve the nuclear
S/\Chrédinger equation with a single complex potential energy surface [1],
H = Thuclear + V(R) - %F(R)'

By solving the nuclear H, Schrodinger equation with the complex po-
tential surface we obtained two distinctive types of resonance states which
are presented in Fig. 3. The first one is associated with vibrationally bound
motion of autoionizing H, molecule, i.e. H, — Hy 4+ e~. We will refer to
these states as vibrationally-discrete autoionization-resonance states. The
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0.16

vibrationally
continuum
resonances

e
—
s

vl . Hy+e «~Hy -+ H +H
vibrationally
discrete resonances

Hy =+ Hy+ e

Electronic energy (a.u.)
=]
=

Figure 8. The shaded area describes the electronic “energy” e(R) = I'(R)/2 of autoion-
izing H; as a function of the internuclear distance R. The horizontal parallel lines stand
for the autionization resonance energy levels (the resonance widths are not shown here).
The continuum part of the spec trum is quantized due to the finite box approximation.

second type of states is associated with the free motion of the nuclei and
is referred to here as vibrationally-continuum autoionization-resonances

where Hj(bound) + e~ & H; (continuum) BEH-+H (i-e. a branch cut
of autoionizing states). Note that the autoionization (A) takes place at the
inner classical turning point where the width of the complex potential sur-
face is the largest. The dissociation (B) occurs at the outer region where the
width of the complex potential is zero. As we will show below the formation
of branch cut of resonances due to the nuclear motion plays the key role
in the mechanism which is responsible for the enhancement of the electron
trapping by the hydrogen molecule.

The initial state populates both types of resonance states of Hy . In-
terference between the vibrational discrete and the vibrational continuum
autoionization resonances takes place although the resonance positions of
the vibrationally-discrete autoionization-resonance (disc-res) states and the
vibrationally-continuum autoionization-resonance states (cont-res) are very
“far” from one another (as compared to their width). One may think that
when E ~ e,(disc — res) there is only one dominant term in the series res-
onance expansion of t,.s(E) (see Eq. 33). This is however not the case. The
numerators associated with the branch-cut resonances, a,(cont — res), get
complex values where both the real and the imaginary parts are larger than
the corresponding ones of an(disc —res) by several orders of magnitude. In
the numerical calculations the amplitudes of the continuum type resonances
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were found to be larger by 8-10 orders of magnitude than the discrete type
resonance amplitudes. Consequently, |a,(cont — res)| >> |an/(disc — res)|
but, however, at F = E,(disc — res),

an(disc —res) | an (cont — res) (34)
iTn(disc — res) TAE + 1T (cont — res)
where
AFE = E,(disc — res) — En/(cont — res) (35)

even when the difference between the H, (disc — res) — Hj + e~ res-
onances and Hy + e~ « H, (cont —res) — H~ + H resonances is much
larger then the corresponding resonance widths,

AE > Maz(Ty, Tp).

The number of dominant terms in the expression for t..s(E) (Eq. 33)
determines the number of effective indirect scattering events in the scatter-
ing experiment. In our case due to the large amplitudes of the branch-cut
(continuum) resonances this number is large and therefore we deal with
a multiple scattering process and a collective resonance phenomenon. By
collectiveness we mean that even at the resonance energy, F = ¢,, a large
number of resonances have dominant contributions to the expansion of t,¢s
given in Eq. 33. A

The large amplitude of the continuum resonance states is a direct result
of the non Hermitian properties of H, Hamiltonian (i.e. the resonance
eigenfunctions which are associated with complex eigenvalues are not in the
Hermitian domain of the molecular Hamiltonian). Let us explain this point
in some more detail. As was mentioned above Moiseyev and Friedland [7]
have proved that if two N x N real symmetric matrices H; and H do not
commute, there exists at least one value of parameter A = A such that
matrix H; + AHy possesses incomplete spectrum. That is at A — Ay there
are at least two specific eigenstates ¢ and j for which limy_,,(€; —¢;) =0
and also limy_,, (v; — ¥;) = 0. Since ¥; and v; are orthogonal (within the
general inner product definition i.e., (¥;|¥;) = (¥7|¢;) = 0 and not in the
usual scalar product definition) upon coalescence their length is reduced
to zero (F|y;) = €, € — 0. When X\ # X, but is very close to it we still
require normalization of ¥;, (¢f|¢s) = 1. Therefore the components of the
corresponding eigenvectors are divided by a small number €'/2 and the
amplitude of 1; becomes enormously large.

We will show here that the phenomenon of spectrum incompleteness is
inherent in the case of H; . The Hamiltonian of the intermediate H, within
the BO approximation is given by, H(R) = T'((R) + V(R) — iI'(R) We can
rewrite this Hamiltonian introducing an autoionization strength parameter
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A in a following way: H(R) = T(R) + V(R) — AiI'(R). For A = 1 we
obtain the original physical Hamiltonian of H, . Using real basis functions
or finite grid methods the matrices representing the operators T(R), V(R)
and I'(R) are real symmetric ones. The H, Hamiltonian in the matrix form
sH=T+V - /\%F = HRe — )\%F. Since matrices Hre and I' do not
commute it follows from the theorem proved by Moiseyev and Friedland
that there exists A, such that the spectrum of H is incomplete. In order to
find the values of A where the spectrum is incomplete in the case of H, we
have studied the A dependence of the spectrum. In Fig. 4 we present the
spectrum of H, obtained while varying A from 0 to 1 (i.e. increasing the
strength of the ionization phenomenon).

x10™ B

SN

=2 r

1

Im(E) (a.u.)

-7 L
0.143 0.148 0.153 0.158
Re(E) (a.u.)

Figure 4. MA-trajectory calculations of the complex eigenvalues of Re(H) — iAIm(H)
where H is a matrix representation of the nuclear H, Hamiltonian with complex electron
potential surface. For A = 0 the autoionization is artificially suppressed and the real
eigenvalues obtained are divided into vibrationally bound states (denoted by “B” and
into dissociative continuum solutions denoted by “C” (note that the discretization is due
to the finite box approximation). The inset shows that very close to A = 1 (the physical
solution) one of the continuum solutions and the 8-th “B” solution coalesce.

There are 9 bound vibrational states of H, when the autoionization
process is neglected i.e. A = 0. They all acquire finite width whenever the
value of A is increased. However the width and the position of each state
changes at a very different rate. The most dramatic change occurs to the
8-th bound state (A = 0). This state is “pushed out” above the energy
threshold for the dissociation. Interestingly, whenever the position of the
bound state crosses the threshold energy the behavior of the continuum
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states changes as well. That is, the width of the continuum states starts to
decrease with increasing A. The reason for this behavior is that for some
complex values of the parameter )\ close to A = 1 the bound state which
enters the continuum part of the spectrum crosses the continuum states one
by one. Since the crossing does not happen at A = 1, the picture we see at
the physical value of A = 1 is that of avoided crossing. It should be stressed
that the crossing here implies coalescence of two eigenstates, one eigenstate
originating from the bound state at A = 0 and the second one from the
continuum at A = 0. Indeed, we found several branch points associated with
the coalescence of bound and continuum states which are in the vicinity
of A = 1. For example in the inset of Fig. 8 we show the branch point
at A = 0.99145098 + i0.04006515. The trajectory approaching from bellow
is associated with the 8-th “bound” state and the trajectory approaching
from above is associated with the “continuum” state. This branch point is
the closest one to A = 1 and the two states that cross at this point are very
close to be self orthogonal for the physical value of A = 1. Consequently, the
amplitudes of these states are by several orders of magnitude larger then
the amplitudes of the discrete resonance states that are not involved in the
crossings with the continuum states. As we have shown above this effect
plays a crucial role in the mechanism that leads to the electron trapping
by the Hy molecule.

We have shown in this section that the lifetime of the trapped electron
in the electron scattering experiment can be dramatically increased due
to the coupling between the nuclear and the electronic motions. It should
be stressed that this coupling takes place between molecular autoionizing
states over a very large energy range. This unusually strong coupling is due
to the existence of a continuum of short lifetime autoionizing resonance
states of H, , located at an energy above the threshold energy of dissocia-
tion. This branch-cut of resonances is generated by the nuclear motion.

3.2. RESONANT TUNNELING PROBABILITY AMPLITUDE IN A
QUANTUM DOT

Quantum dots (QD) play an important role in nano-scaled electronic de-
vices. In order to fully understand the transport properties of quantum
dots, phenomena such as tunneling of electrons must be characterized.
Phase measurements of an electron traversing a quantum dot via a
double-slit interference experiment were carried out by Heiblum and his
co-workers [19,15]. In their experiment, the QD has been inserted into
one slit, in a manner that enabled them to control the potential of the
electrons trapped in it (by varying the plunger potential, ;). The second
slit served as a reference. The measured transition probability , |t|2, oscil-
lates as a function of the plunger potential, V,, . When the scattered elec-
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tron passes through a resonance state, the transition probability exhibits
a Lorentzian-shaped peak, and the phase of the transition probability am-
plitude changes by 7, as expected by the Breit-Wigner model for resonant
tunneling. Surprisingly, the phase does not accumulate but oscillates : al-
though in each resonance the phase changes by m, between resonances it
drops sharply by =. In spite of intense work on this problem [21-30] to
the best of our knowledge there is no satisfactory explanation of this phe-
nomenon. Most of the calculations which have been carried out are either
for particle space model Hamiltonians or for general mathematical models
based on the Friedel sum rule combined with time-reversal symmetry. The
conclusion from these studies is that in true 1D systems the sharp phase
drops by 7 in the tail of the resonant peak never occurs. Such a phenomena
is obtained however, for a single electron transport for quasi-1D systems.
This result obtained also in simulation calculations for a real-space model
Hamiltonian with a 2D box potential (single-crossbar cavity) [25]. The dis-
continuity in the phase evolution of electron transport in the single crossbar
cavity associated with the interference between two different transmission
channels belonging to a localized state in the 2D potential and a contin-
uous state of the transmission channel. An open question we would like
to address ourselves is whether the discontinuity in the phase evolution
would happen also for analytical 2D potential surfaces. Another question
we would like to answer is whether the discontinuity in the phase evolution
can happen due to another mechanism. As we will show here for analytical
2D potentials a sharp drop (not a discontinuity) by = happens due to the
interference between adjacent resonance states associated with the double
barrier potential in the adiabatic 1D potential which do not exist in the 2D
single-crossbar cavity QD model Hamiltonian.

The phase drops sharply by 7 at transmission zeros has been associated
with the fact that in quasi-1D systems the even and odd resonance levels
do not necessarily alternate in energy [29,27]. It is a common believe that
whenever the transmission coefficient reaches zero, the phase has a sharp
drop by m. As we will show here this is indeed a necessarily condition but
not a sufficient one.

In our work we study a single electron transport for a real space 2D
model Hamiltonian. The potential we introduce is a 2D one-electron effec-
tive QD model Hamiltonian that simulates the QD in Heiblum’s experi-
ment. Unlike the single-crossbar cavity used before our 2D potential is an
analytical function. In our model the transition of the electron from the en-
trance channel to the exit one through the QD is hindered by two potential
barriers that do not appear in the single-crossbar cavity model.

We obtained that for the adiabatic 1D double barrier potential, the
transition probability amplitude behaves in a similar way when varying
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Figure 5. The two-dimensional QD potential energy surface, V(z,y), defined in Eq. 37
. Note the entrance and exit channels, entrance and exit barriers and the QD embedded
between the barriers. Parameters: e =1;V0=05;a0=16;7y=0.1;V,=0;A=0.75
; Weo =1;a=0.76215 ; b = 0.32802 ; ¢ = 0.08871. The parameters a, b, ¢ were calculated
according to the geometry of the QD in Heiblum’s experiment. A was chosen to allow
the control on the depth of the QD well by a single parameter, V,, without changing the
height of the barriers.

the scattered electron energy, E, or the depth of the well between the
two barriers (via the variation of V;). Since the numerical calculations are
simpler for the variation of the scattered electron energy rather than the
variation of V,, we address ourselves in the work presented here to the
following question: how does the transition probability amplitude change

as a function of the energy of the scattered electron, E, when V}, is held
fixed ?

In order to answer this question we have used the complex adiabatic
approach [8]. First the complex resonance potential energy surfaces (PES)
were calculated as a function of the slow coordinate (which is perpendicular
to the propagation coordinate). Then, assuming that the electron scattering
proceeds via a single PES, the transition probability amplitude , t(F), was
calculated.

We propose an effective one-electron two-dimensional model potential of
the QD, which preserves the main characteristics of the QD in the Heiblum
experiment. That is, (a) entrance channel, entrance barrier, potential well,
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exit barrier, exit channel are clearly defined (see Fig. 5); (b) similar geo-
metrical proportions; (c) the potential surface supports at least one bound
state inside the potential well, and supports isolated resonance states ( i.e.
[; < |Ej — Ej+1] ); (d) the depth of the potential well is controlled by a
single parameter, the plunger potential parameter V,, which has a minor
effect on the geometry of the QD. By increasing Vp, the number of bound
states in the open QD is increased.

The two-dimensional QD model Hamiltonian, where x is the propaga-
tion coordinate, is given by

A2 )
- P. P
H = Y 36
(z,y) e Tt Viz,y) , (36)

where p, is the effective electron mass and the potential energy surface
(PES) is given by

V(z,y) = V(@) + Ey2’(@) (37)

where,
V(.’E) — VE)(.’E2 _ a)e—'yz? _ ‘/pe—/\xz

W(T) = woo + a(2?® — b)e"c“”2

Weo is the frequency of the harmonic motion of the free electron in the
confined direction (y coordinate) in the entrance/exit channels.

The potential parameters used in our calculations are given in the caption of
Fig. 5. A one dimensional cut through the PES defined above at a constant y
gives a potential, V' (x; y), which has a well between two separated potential
barriers. These 1D potentials support at least one bound state and a few
isolated resonance states (see Fig. 6).

The transition probability amplitude, ¢(V}), in the 1D case, has been
calculated using non-Hermitian scattering theory [20]. It shows a series of
resonance peaks (see Fig. 6. The phase of ¢(V}) changes by 7 in resonances
and accumulates between resonances (see Fig. 7. The sharp phase drop
is not observed. Our calculations show that this phase drop can not be
explained by 1D one-electron calculations, even when interference between
different paths (different y cuts) is taken into consideration. Therefore, it
is clear that two dimensions are needed to obtain the sharp phase drop
phenomenon when using an effective one-electron model.

As was mentioned above, the 1D transition probability amplitude, ¢(E),
which is obtained when V, is held fixed and the energy of the incoming
electron, F, is varied, behaves similarly to the 1D transition probability
amplitude ¢(V}). Regardless of the dimensionality of the studied problem,
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Figure 6. The 1D potential in x direction, V(z;y = 0), when V, = 1 . The Bound
and isolated narrow resonance complex-scaled wavefunctions (real part) are plotted for
6=0.13.

the computational effort needed to calculate £(V}) is much larger than the
one needed to calculate ¢(F). This is because the major numerical effort
lyes in the construction of the spectral representation of the Green oper-
ator, which requires the diagonalization of the Hamiltonian for every Vj,.
Therefore, we will concentrate on t(E) in the 2D case.

We have used non-Hermitian scattering theory to calculate the transi-
tion probability amplitude, within the framework of the complex adiabatic
approach. It should be stressed that non-Hermitian quantum mechanics al-
lows us to use complex adiabatic potential energy surfaces in cases where
one has to go beyond the adiabatic approximation in Hermitian quantum
mechanics [1, 2]. In the adiabatic approximation, we assume that the motion
in the y direction is much slower than in the z direction. This assumption
is based on the geometry of the two-dimensional potential surface (see Fig.
5).

Using the adiabatic approximation, the Hamiltonian in x direction, for
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Figure 7. Transition probability for the 1D cut V(z;y = 0) as a function of V,, when
the scattering energy is held fixed, F = 1.2 a.u. (this energy is below the barrier height
for any value of V}, ). (a) The transition probability, |t|?, exhibits a series of peaks which
correspond to the resonances. (b) The phase of the transition probability amplitude,
arg(t), jumps by 7 in each resonance and accumulates as V,, is varied.

a given y, is given by

. R? 82
H(z;y) =~ S 5—+V(w,y) . (38)

We use complex scaling, i.e. + — ze®, to calculate the solutions of
the complex scaled Schrodinger equation. The use of complex scaling (i.e.,
non-Hermitian QM) enables us to associate a resonance state with a single
eigenstate of the Hamiltonian, while in Hermitian QM a resonance state is
associated with a wavepacket (which is not an eigenstate of the Hermitian
Hamiltonian). Therefore by complex scaling we get,

1(ze’s y)vh(zy) = B (y)¥h(z;y) (39)

The complex eigenenergies, E7(y), which correspond to the resonance states
are § independent, provided € is sufficiently large. The resonance states,
1/13(:1: y), are square integrable (see Fig. 6) and 6 dependent.
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Within the framework of the non-Hermitian adiabatic approximation
separate complex resonance potential energy surfaces (PES) are defined,

Viy) = El(y) =&l (y) - %Fj (v) - (40)

For the j-th resonance surface, the effective Hamiltonian in y direction
is given by
N K2 92
H, =———
e(9) 2pe Oy?

By solving the eigenvalue problem,

+ VR . (41)

Ha()Xh0) = edbdv) . b=\~ (42)
the complex resonance eigenstates and eigenergies were calculated. The
complex eigenergies, ej,, provide the energy positions, €/, and widths, o)
(which correspond to the inverse of the lifetimes of the resonance states) of
the temporarily trapped electron in the QD.

In Fig. 8 we show an effective complex resonance PES and the corre-
sponding resonance eigenstates.

The transition probability amplitude is calculated using the Lippmann-
Schwinger equation :

tif(E) = (W|]V + VGV|¥)) | (43)

Where ¥; and ¥y are the initial and final wavefunctions of the scattered
electron. Under the adiabatic approximation ¥; s can be presented as :

U r(z,y) = 65 5 (z;9) i f(y) (44)

where O is the wavefunction of the scattered electron in the x direction:

Oif(z:y) = [ t—cibusm (45)

kif = \/21e(E — % — Eun(y))

and ¢; ; are the asymptotic wavefunctions of the scattered electron in the
y direction (in our case, eigenstates of a harmonic oscillator with the fre-
qUeNcy We)-

Assuming tunneling is assisted by the j-th effective resonance potential
surface, for the case where the quantum state of the scattered electron
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Figure 8. The 1D effective complex resonance potential energy sqrface (PES) in y
direction, for resonance #3, when V, = 0 . The first 7 eigenstates, |x%(y)|?, are plotted
in normal/dashed lines, according to the symmetry of the eigenstate.

remains unchanged (i.e., i = f), the transition probability amplitude is
given by :

dL=3 @)Y W) DA CAWIYTG) leiv) (46)

E—e;-”—e%

For derivation of this equation see the previous section. The notation (...|...)
stands for the generalized inner product which is used in non-Hermitian
QM, where (f|g) = (f*|g) - Note that the eigenenergies, e/, ,and eigenstates,
x%(y) , are complex due to the complex effective resonance potential. This
formula can be generalized for any initial and final states by replacing

I'¥(y), which was defined in Eq.40, by the partial width amplitude of the

j-th resonance state. This approach should also be used if one wants to take
into account tunneling assisted by more than one resonance complex PES.
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Figure 9. Transition probability amplitude, to—.o(E) assisted by the 3-rd effective com-
plex resonance potential energy surface. (a) phase ,(b) absolute value, (c) trajectory . The
phase changes by = in resonances. The phase drops by = between resonances, when ¢(FE)
intersects the origin. The position of resonance states is plotted in squares (open squares -
symmetric resonance states, full squares - antisymmetric resonance states). Note that due
to the symmetry properties of the problem, transition is not assisted by antisymmetric
resonarnces.

The calculated transition probability amplitude, t)_,,, is shown in Fig.
9. The transition probability shows a series of Lorentzian resonance peaks.
Those appear when the energy of the incoming electron in the x direction,
E — e, is close to the real part of the resonance energy, €. Due to the
symmetry of the problem, tunneling is allowed only through even resonance
states.

Two distinct phenomena can be observed in Fig. 9(b), which shows the
absolute value of the transition probability amplitude, as a function of the
incoming electron energy, FE. First, the width of the resonance peaks de-
creases as F increases. Second, the height of the resonance peaks decreases
as F increases.

The explanation for both phenomena is based on the Breit-Wigner
model for resonant tunneling. In the vicinity of a narrow isolated reso-
nance (i.e. v, < |én — €n+1|), the transition probability amplitude is given
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by the leading term of ¢(F) in Eq. 46 :

(LT () Ix(v)
E —eX — e%

2
cil?

n

h

TV(E) = |t/(E)|? = (47)

Concerning the width of the resonance peaks, the width is associated
with the inverse of the lifetime of the resonance states. The maximum of the
amplitude of xJ, is at y = 0 for the first resonance state (n=0) and moves
toward the classical turning points of Re(Vi(y)) as n is increased (see
Fig. 8). Due to the shape of the PES (see Fig. 5), the temporarily trapped
electron in the QD tunnels out along the z direction mostly around y = 0.
For higher values of |y| the tunneling is hindered by the potential barriers.
Therefore, the lifetime of the resonance states increases as n increases, and
the corresponding widths decrease. Note that the width of the resonance
peak in the transition probability graph can be associated with the inverse
of the lifetime of the resonance state only if the resonances are isolated, oth-
erwise interference phenomena between overlapping resonance states may
change the Lorentzian shape of the resonance peaks.

Concerning the height of the resonance peaks, Eq. 47 shows that the
height is proportional to the probability to populate the n-th resonance
state. This probability is given by the overlap :

G = (2o W)V (W) X)), (48)

where @p(y) is the initial state and I'V(y) is given by the imaginary part
of the resonance surface (see Eq. 46). As described above, the maximal
~amplitude of xJ, changes from y = 0 for the first resonance state to the
classical turning points of Re(VJ(y)) as n is increased. IV (y) is localized
around y = 0, and ¢o(y), which is the ground state of a harmonic oscil-
lator with the frequency weo, gets a maximum around y = 0. Therefore,
CJ decreases as n in increased. The height of the resonance peaks is also
inversely proportional to the width of the resonance state, v, which de-
creases as n increases. Despite of this dependence, the transition probability
in resonance is dominated by the overlap and decreases as n is increased.
Note that we discuss here only the resonance contribution to the transi-
tion probability amplitude and ignored the direct scattering process which
dominates the high energy regime.

The phase of the transition probability amplitude, arg(¢(F)), changes
by m when |t(E)| exhibits a maximum (see Fig. 9(a)). This well-known phe-
nomenon can be explained by the Breit-Wigner model for resonant tunnel-
ing.
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The phase drops abruptly by m between resonance peaks, when the
complex transition probability amplitude, ¢(E), intersects the origin, i.e.
t(E) = 0+ ¢0. This result is similar to the association of the sharp phase
drop by 7 in the tail of the resonant peak [27,31]. Note however that
we obtained the sharp phase drop as a result of interference between two
neighboring 2D resonance states which decay through the two potential
barriers located at the entrance and the exit channels. This interference
which leads to the sharp phase drop in ¢(F) can not occurs in 1D double
barrier potentials as we will explain below.

The energy where zero transmission is obtained is given approximately
by the position of the intersection of two neighboring Lorentzian peaks
(n,n+1). The position of the intersection is determined by the population
of the corresponding resonance states and by their widths. On the basis of
the analysis given above, the intersection is at an energy closer to the n+1
resonance peak (which is narrower and less populated that the n-th one).
The energy Ey at which ¢(Ep) = 0+ 0, can be approximately obtained by
taking into account the interference between two adjacent resonance states,

= 0 . (49)

Our calculations show that this approximation holds in the case presented
in Fig. 9, though there is a slight deviation due to interference effects with
other resonance states.

Why does the phase of ¢(E) change abruptly by = when ¢(E) intersects
the origin 7 Expanding the transition probability amplitude in a Taylor
series around an intersection energy, Ey, gives :

dt(E)
dE

1d%(E)

t(E() + 8) = t(Eo) + 5 (:i:&‘) 2 dE?

(£e)’+...  (50)
Ey

When t(Ep) = 0 and when ¢ is small enough, if %2 E # 0 as in our case,

we get : °

dt(E)
dE

This equality implies that in a very short energy range the phase changes
by m. This is a proof that it is not necessarily true that whenever the
transmission coeflicient reaches zero, the phase has a sharp drop by «. The
zero transmission coeflicient, ¢(Fp) = 0, is a necessary condition for the
sharp phase drop by 7 at the tail of the resonant peak but it is not a
sufficient one. This abrupt phase changes happen at zero transmissions if
and only if dt(E)/dE|g, # 0.

t(Ep+¢e) = +e (51)

Eo
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Figure 9(c) shows the trajectory of ¢(E). At each one of the intersection
energies the imaginary axis is tangent to ¢(F) at the origin. Therefore, the
first derivative of t(E) is almost a pure imaginary number, and t(Eg+¢) =
+14. Since in our numerical calculations ¢(E) does not intersect the origin
but passes very close to it as E is varied, the phase changes smoothly from
—m/2 to 7/2 instead of jumping.

The Taylor expansion of ¢(E) shows that the transition probability does
not jump by 7 when t(E) intersects the origin whenever two conditions

are satisfied simultaneously: (1) ¢(Ep) = 0; (2) —@' = 0. In the 2D

case discussed above, when ¢(F) can be approximately obtalned by taking
into account only two adjacent resonance states (see Eq. 49), it is impos-
sible to satisfy simultaneously both conditions. Therefore, whenever this
approximation is valid the intersection of ¢(F) with the origin implies a
sudden change of the phase of ¢(F) by . Our calculations for a 1D model
Hamiltonian [20] have shown that in 1D problems one can not neglect the
interference of the resonances with the scattering background. Therefore,
in a 1D problem it is possible to satisfy both conditions and the phase of
t(E) does not jump by 7 when ¢(E) intersects the origin. This is another
explanation for the fact that the phase drop by 7 at the tail of the resonant
peak can not be obtained in a single electron transport through a double
barrier 1D potential.

In this section the electron-scattering transition probability amplitude
through an open QD, #(F), has been studied for a real-space 2D model
Hamiltonian. A sharp change of the phase of ¢{(E) by 7 occurs when t(E)
intersects the origin. It implies that two conditions should be satisfied in
order to observe a sharp drop of the phase by 7 in the tail of the reso-
nant peak. One condition is t(Ep) = 0, whereas the second condition is
dt(E)/dE|g, # 0. We have shown that this phase drop is a resonance in-
terference phenomenon that happens even within the framework of an one
electron effective QD potential. The fact that the QD has at least 2D is a
crucial point in the mechanism we have presented here. Our explanation
of a sharp phase change is based on the destructive interference between
neighboring resonances and thus differs from the mechanism based on the
Fano resonance (see, for example, Refs [22,25]).

4. Conclusions

In this work we show how the complex adiabatic approach developed within
the framework of the non-hermitian quantum mechanics, enables the study
of dynamics of systems which is hard and even impossible to study by the
use of the conventional (hermitian) QM. We focused here on two phenomena,
which have been observed in two different experiments. The first one is
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trapping of electrons by hydrogen molecules for time period which is by
one order of magnitude longer than expected on the basis of adiabatic
calculations. The second phenomena is the abrupt drop of the phase of the
electrons transition probability amplitude through a 2D quantum dot. We
show that both phenomena are due to the interference between overlapping
resonances.
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